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Abstract

This article develops an analytical risk framework for fixed interest
portfolios based on the volatility-adjusted orthormalised Laguerre poly-
nomial model (VAO model) of the yield curve from Krippner (2003), ex-
tending related work by Willner (1996), and Diebold and Li (2002). The
VAO model is also used to identify fixed interest securities that offer po-
tential excess returns, as in Sercu and Wu (1997) and Ioannides (2003).
These risk/return elements are combined to create a framework for portfo-
lio optimisation that is consistent with the approach of Markowitz (1959).
The empirical application is to four years of daily United States inter-
est rate swap data, and the results show that the data conforms to the
risk/return framework developed, and that a portfolio optimised using the
VAO model risk/return framework significantly outperforms a naive buy-
and-hold benchmark over time.
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1 Introduction

The measurement and immunisation of interest rate risk in fixed interest port-
folios is of practical importance to the funds management industry, and has
been an active and ongoing area of theoretical and empirical research for many
decades. The related literature is too extensive to list completely here, but
a broad selection of tools developed in the literature includes “duration” and
“convexity” measures (i.e analytical first-order and second-order approxima-
tions of the change in portfolio market-value for a given yield curve change),1

principal components analysis (e.g see Barber and Copper (1996) and Hull
(2000) pp. 357-361), “gap” management (e.g see Hull (2000) pp. 113-114),
key rate durations (Ho 1992), value-at-risk analysis (e.g see Golub and Tilman
(2000) chapter 5), and the generalised M-vector approach (Nawalkha, Soto and
Zhang 2003).

Independent to interest rate risk considerations, the concept of estimating
of “fitting” the yield curve and using the resulting yield or price residuals (i.e
actual less estimated yield or price) as indications of potential excess returns
from the associated fixed interest securities is used widely by financial market
participants (e.g see Brown and Giurda (2003), HSBC Bank (2003) and Malik,
Barry and Xiao (2003)). In the literature, Sercu and Wu (1997) applies the
Vasicek (1977), Cox, Ingersoll and Ross (1985), and polynomial spline models
of the yield curve to Belgian government bond data, and finds a significant re-
lationship between the resulting bond price residuals and future excess returns,
which is sucessfully exploited in a related trading strategy. In related work not
based on yield curve estimation, Ronn (1987) exploits the “mis-pricing” of fixed
interest securities to significantly enhance returns on portfolios of US Treasury
securities while meeting future cashflow obligations, and Cornell and Shapiro
(1989) details a case study of an apparent pricing anomaly in the US Treasury
market.

Orthonormalised Laguerre polynomial (OLP) models of the yield curve, such
as the Nelson and Siegel (1987) and Svensson (1994) models, have also been ap-
plied to the risk and return topics noted above, but again independently. Specif-
ically, Willner (1996) and Diebold and Li (2002) develop “duration” measures
with three components to simultaneously represent the risks associated with
the three typical ways that the yield curve can change, i.e a level/shift/parallel
change, a slope/twist/curve change, and a bow/barbell/butterfly/curvature
change, to use some of the intuitive names familiar to portfolio managers. Re-
garding yield curve estimation, several financial market participants use OLP
models to identify “rich” or “cheap” bonds in a wide range of sovereign bond
markets, e.g Kacala (1993) and HSBC Bank (2001). In the literature Ioannides
(2003) applies the Sercu and Wu (1997) approach to the UK government bond

1For example, Macauley (1938) and Fisher and Weill (1971) address the first-order change
in portfolio market-value associated with parallel changes to the yield curve, while Elton and
Gruber (1995) pp. 540-541, and Hull (2000) pp. 112-113 note the second-order approximation.
Chambers, Carleton and McEnally (1988), Reitano (1996), Mann and Ramanlal (1997), and
Bowden (1997), for example, address the first-order change in portfolio market-value associated
with non-parallel changes to the yield curve.
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market models, and obtains the best excess returns from a trading strategy
based on the price residuals from the Nelson and Siegel (1987) and Svensson
(1994) models.2

The main contribution of this article is to combine the measurement of in-
terest rate risk and the identification of sources of potential excess returns into
unified risk/return framework suitable for fixed interest portfolio management
and optimisation. The article also makes several other extensions relative to
prior literature: (1) the overall framework is based on a modified version of the
OLP model, i.e the volatility-adjusted orthonormalised Laguerre polynomial
model (the VAO model) developed in Krippner (2003), that is intertemporally
consistent;3 (2) the components of risk in the risk framework are derived in
vector form, which conveniently allows for the arbitrary addition of further risk
components to the framework, and the convenient extension to second-order ef-
fects; (3) the return framework is based on an explicit time-series representation
of yield or price residuals, which combined with the risk framework produces an
optimisation framework consistent with the risk/return minimisation approach
of Markowitz (1959); and (4) the empirical work investigates relative value,
interest rate risk, and portfolio optimisation using United States swaps data,
which extends prior work on sovereign bond markets.

The outline of the article is as follows: section 2 outlines the elements and
intuition of the VAO model relevant to this article; section 3 develops the risk
framework based on the VAO model; section 4 develops the return framework,
and combines this with the risk framework to create the optimisation model;
section 5 describes the US swaps data used in the empirical work; section 6
investigates the risk/return framework from an ex-post attribution perspective;
section 7 investigates simulated ex-ante portfolio optimisation; and section 8
concludes.

2 The VAO model of the yield curve

The derivation of the generic volatility-adjusted orthonormalised Laguerre poly-
nomial model of the yield curve (the VAO model) is detailed in Krippner (2003).
The risk/return framework developed in this article uses the N = 3 VAO model,
i.e the shape of the yield curve and changes to the shape of the yield curve are
described by three underlying components or “modes” (as detailed below). This
makes the results comparable to prior uses of the Nelson and Siegel (1987) model
(which also has three linear coefficients), and consistent with the idea that three
principal components may be used to adequately capture interest rate risks, as
suggested in the work of Litterman and Sheinkman (1991). However, the vec-
tor form of the generic VAO model is maintained, both for clarity of notation

2Bliss (1997) also investigates yield curve residuals from an OLP model, but as a diagnostic
tool.

3The lack of intertemporal consistency in standard OLP models is noted in Björk and
Christensen (1999), Filopovíc (1999a), Filopovíc (1999b), and Krippner (2003). The use of the
Vasicek (1977) and Cox et al. (1985) models in Sercu and Wu (1997) also lacks intertemporal
consistence, as those authors note, because parameters that should remain constant over time
are independently re-estimated at each point in time.
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and to emphasise that the risk/return framework can be arbitrarily extended
to N > 3, as might be required or desired by practitioners or researchers.

The three-mode VAO model of the yield curve is:

R(t,m) = [β (t)]0 s (φ,m)− v0u (φ,m) (1)

where:

• R(t,m) is the continuously compounding zero-coupon interest rate curve
at time t, as a function of maturity m measured in years;

• φ is a constant parameter that alters the natural curvature of the OLP
modes (φ is set equal to 1 for all of the empirical analysis in this article,
following Krippner (2003));

• β (t) is a column 3-vector of the linear coefficients βn at time t that apply
to the corresponding three interest rate modes sn(φ,m) noted below;

• s(φ,m) is a column 3-vector function, a time-invariant function of ma-
turity m, which contains the three interest rate modes sn(φ,m) noted
below;

• v is a column 3-vector of the annualised variances of the stochastic ele-
ments of β (t) that apply to the corresponding three functions un(φ,m)
noted below (v is assumed to be constant in this article, for clarity, but
it is possible to relax this assumption); and

• u (φ,m) is a column 3-vector function, a time-invariant function of ma-
turity m, which contains the “volatility adjustment functions” un (φ,m)
noted below.

From Krippner (2003), sn(φ,m) and un (φ,m) for the three-mode VAO
model are, respectively:

s1(φ,m) = 1 (2a)

s2(φ,m) =
1

φm
[exp(−φm)− 1] (2b)

s2(φ,m) = − 1

φm
[2φm exp(−φm) + exp(−φm)− 1] (2c)

u1(φ,m) =
1

6
m2 (3a)

u2(φ,m) =
1

4φ3m
[4 exp (−φm)− 3 + 2φm− exp (−2φm)] (3b)

u3(φ,m) =
−1
2φ3m

 6 exp (−φm)− 3φm exp (−2φm)
+4φm exp (−φm)− 4 + φm

−φ2m2 exp (−2φm)− 2 exp (−2φm)

 (3c)
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To illustrate the intuition behind the VAOmodel, the first three interest rate
modes of the VAO model are illustrated in figure 1, and are colloquially named
the Level, Slope and Bow modes in reference to their intuitive shapes. Figure 2
illustrates how the shape of the yield curve may be represented by the 3-vector
β (t) = (5.00, 2.00,−1.00)%, comprised of the Level, Slope, and Bow coefficients
at time t, applied to the modes in figure 1. Figure 2 also shows how an instan-
taneous increase of 50 basis points (bps, where 1 bp = 0.01 percentage points)
in the Level coefficient represents a parallel upward shift of the yield curve (i.e
the interest rates of all maturities rise by 50 bps), and an instantaneous 75 bps
increase in the Slope coefficient represents a “steepening” of the yield curve (i.e
the short rate moves down by 75 bps, infinite-maturity rates remain unchanged,
and intermediate-maturity rates move down in proportion to the magnitude of
the Slope mode by maturity). Figure 3 shows how an instantaneous 75 bp in-
crease in the Bow coefficient represents an “up-bowing” of the yield curve (i.e
the short rate moves down by 75 bps, infinite-maturity rates remain unchanged,
and intermediate-maturity rates move up or down in proportion to the sign and
magnitude of the Bow mode by maturity). Figure 3 also contains an example of
a simultaneous instantaneous change to the Level, Slope and Bow coefficients,
represented by the 3-vector δ (t) = (+50,−75,+75) bps, resulting in a new
yield curve shape represented by the 3-vector β (t) = (5.50, 1.25,−0.25)%.

[ Figure 1 here ], [ Figure 2 here ], [ Figure 3 here ]
In practice, of course, changes to the shape of the yield occur over finite time

horizons (e.g a day, week, month etc.), and so δ (t) will contain both determin-
istic (anticipated) components and stochastic (unanticipated) components. It
is the stochastic components of δ (t) that represent sources of risk to portfolio
returns, as discussed further in section 3, while the deterministic components
represent sources of expected return, as discussed further in section 4. Because
the VAO model is derived via the Heath, Jarrow and Morton (1992) (HJM)
framework where expectations embodied in the cross-section of the yield curve
are consistent with the expected evolution of the yield curve through time, the
stochastic components of δ (t) may be precisely determined ex-post. Specifi-
cally, denoting the finite time horizon as τ , Krippner (2003) derives the result
that Et [β (t+ τ)] = Φ (φ, τ)β (t),4 where Et [β (t+ τ)] is the expectation as
at time t of the value of β (t+ τ) at time t + τ , and Φ (φ, τ) is a matrix of
coefficients defined as:

• Φ (φ, τ)=
 1 0 0
0 exp (−φτ) −2φτ exp (−φτ)
0 0 exp (−φτ)

.
The stochastic components of the change in the shape of the yield curve

may therefore be isolated as the vector δ (t, t+ τ) = Φ (φ, τ)β (t) − β (t+ τ).
This result is used to derive the ex-post attribution of portfolio returns in the
empirical applications of sections 6 and 7.

4This assumes a zero term premium function, to maintain clarity in the framework de-
veloped in this article. This assumption is not critical; the explicit inclusion of a non-zero
term premium results in a conceptually similar but more complex model that is beyond the
intended scope of this article.
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Also, because the HJM framework is an arbitrage-free framework, the ex-
pected returns from time t to t + τ for the VAO model prices of fixed interest
securities will be identical, and will equal the expected return from a rolling
investment in the instantaneous short rate over the same horizon. This ex-
pected return is denoted as Zt,τ = Pk,t+1 (β) /Pk,t (β) − 1, and is used in the
construction of the return framework in section 4.5

As detailed in Appendix C of Krippner (2003), the β (t) coefficients are esti-
mated using the market-values and parameters of the K fixed interest securities
that define the yield curve at time t.6 The estimation of the yield curve data at
time t will therefore also generate K price residuals, εk (t) = Pk [β (t)]−Pk (t),
where Pk (t) is the market-value of security k, and Pk [β (t)] is the present-value
of security k, determined by the cashflows of security k discounted using the
yield curve defined by the estimated coefficients β (t). The price residuals may
be equivalently expressed as yield residuals, i.e {Pk [β (t)]− Pk (t)} /BPVk (t),
where BPVk (t) is the “basis point value” (i.e the change in the price for a single
bp change in the yield) of security k at the time the yield curve is estimated.

3 A component framework for yield curve exposure

For clarity and economy of notation, the explicit reference to the time notation
for β (t) and δ (t, t+ τ), and the functional dependence of s(φ,m) and u(φ,m)
on φ and m are omitted from this point onward. Also, throughout the article
“returns” means outright dollar returns unless specifically noted otherwise.

The present-value (PV) of single unit cashflow may be expressed as p (m) =
exp [−R(m) ·m]. Hence, for a given initial value of β, the PV according to the
VAO model may be expressed as p(β,m) = exp

£− ¡β0s− v0u¢ ·m¤. After a
stochastic disturbance δ over a horizon τ , the PV of the unit cash-flow will now
be p(β + δ,m − τ) = exp

£− ¡[β + δ]0 s− v0u¢ · (m− τ)
¤
. This relationship is

non-linear, and so the linear changes in τ and the components of δ will result in
non-linear changes to the PV. However, the attributions of the change in PV due
to τ and the components of δ may be approximated as desired using a Taylor
expansion. As detailed in Appendix A the second-order Taylor expansion of this
expression, excluding “running yield” terms (which are discussed in section 4),
is:

p (β + δ,m− τ) ' p (β,m)−m · p (β,m) s0δ + δ
0
·
1

2
m2 · p (β,m) ss0

¸
δ (4)

where p (β,m) s is the first-order yield curve exposure (FOYCE), a column 3-
vector; and m2 · p (β,m) ss0 is the second-order yield curve exposure (SOYCE),

5Baxter and Rennie (1996) contains a clear exposition of the HJM framework, and how
arbitrage opportunities are eliminated by construction. Also note that the expectation of
indentical returns only strictly applies only in a risk-neutral setting, i.e when the term premium
is zero. As in the previous footnote, this assumption is convenient but not critical to the
derivation of the risk/return framework in this article; a “near indentical” return will suffice.

6The number of securities can change over time, e.g to allow for maturities and new issues,
but the application in this article has a fixed number of securities as discussed in section 5.
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a 3× 3 symmetric matrix.7
The interpretation of equation 4 may be clarified with a simple example, i.e

assume an instantaneous parallel shift in the yield curve by ∆y. In this case,
δ =(∆y, 0, 0) percentage points, equation 4 becomes p (β + δ,m) ' p (β,m)−
m · p (β,m) · ∆y+1

2∆y
2m2 · p (β,m), and rearranging gives ∆p

p(β,m) ' −m ·
∆y+1

2m
2 ·∆y2, where ∆p = p (β + δ,m)−p (β,m). This is the familiar second-

order approximation of the relative price sensitivity of a unit cashflow to a
level shift in the yield curve, with duration m and convexity m2.8 In general,
however, stochastic changes to Level, Slope and Bow coefficients changes will
all be non-zero, i.e δ =(∆y1,∆y2,∆y3), and will occur over a finite horizon,
so the FOYCE will have three non-zero components, the SOYCE will have
3 × 3 = 9 non-zero components (although only six will be unique due to the
matrix symmetry), and the interest accrual terms (as discussed in section 4)
will be non-zero.

A unit face-value of fixed interest security k may be defined as a collection
of J [k] cashflows, each of amount akj occurring at time mkj .9 The PV of

security k will therefore initially be Pk (β) =
XJ

j=1
akj ·p (β + δ,mkj), and the

PV to second-order approximation after a stochastic disturbance δ, excluding
“running yield” terms, will be:

Pk (β + δ,m− τ) ' Pk (β)− λ0kδ + δ0Ωk δ (5)

where λk =
XJ

j=1
−akjmkj ·p (β,mkj) s, which represents the FOYCE of secu-

rity k; and Ωk =
1
2 ·
XJ

j=1
akjm

2
kj · p (β,mkj) ss

0, which represents the SOYCE
of security k. Table 7 in Appendix B contains an example of how the YCEs for
a fixed interest security are derived. Note that the FOYCEs are expressed as
the dollar sensitivity per 1 bp change in the associated coefficient, analogous to
traditional BPV. For example, the PV of the 2-year security in table 7 would
decrease (increase) by $198.94 for a 1 bp increase (decrease) in the Level co-
efficient, and the PV would increase (decrease) by $85.53 for a 1 bp increase
(decrease) in the Slope coefficient.

A fixed interest portfolio may be defined as a collection of K securities,
each with face-value Ak. The PV of the portfolio will therefore initially bePK

k=1Ak·Pk (β), and the PV to second-order approximation following a stochas-
tic disturbance δ, excluding “running yield” terms, is:

7The sensitivity of PV to an unanticipated shift in the volatility coefficients could also
be calculated analytically using the same approach. To maintain clarity, this aspect is not
included in this article.

8See, for example, Hull (2000) pp 108-114, and substitute a single cashflow.
9Derivatives on fixed interest securities may be included in the framework by using

the current market-value of the derivative and the expected or probability-weighted cash-
flows/maturities of the underlying security or securities.
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KX
k=1

Ak · Pk (β + δ,m− τ) '
KX
k=1

Ak · Pk (β)

−
"

KX
k=1

Akλk

#0
δ + δ0

"
KX
k=1

AkΩk

#
δ (6)

where
PK

k=1Akλk represents the FOYCE of the portfolio, and
PK

k=1AkΩk

represents the SOYCE of the portfolio. Table 8 in Appendix B contains an
example of how the YCEs of a portfolio of fixed interest securities are derived
from the YCEs of the constituent securities. Again, the FOYCEs are expressed
as the dollar sensitivity per 1 bp change in the associated coefficient, so the
PV of the portfolio in table 8 would increase (decrease) by $4,667 for a 1 bp
increase (decrease) in the Slope coefficient.

Ex-post, δ may be calculated as discussed in section 2, which then enables
portfolio returns to be attributed to changes in the Level, Slope, and Bow of the

yield curve, according to the components of
hPK

k=1Akλk

i0
δ, and the second-

order effects of those changes, according to the components of δ0
hPK

k=1AkΩk

i
δ.

Ex-ante, δ is random, and so
hPK

k=1Akλk

i0
δ and δ0

hPK
k=1AkΩk

i
δ repre-

sent risks to portfolio returns due to unanticipated changes in the Level, Slope,
and/or Bow of the yield curve.10

4 Portfolio returns and portfolio optimisation

Having discussed portfolio risk, this section discusses portfolio returns. Specifi-
cally, the outline of section 4 is as follows: section 4.1 discusses expected returns
for fixed interest portfolios; section 4.2 introduces a notation to capture the risks
in a general vector notation that is later used for the manipulation of fixed in-
terest portfolios, and section 4.3 combines the risk/return elements together
to obtain a framework for portfolio optimisation. Note that the framework is
developed using the price residual as the basis for determining potential excess
returns. The framework using yield residuals is analogous, and is obtained by
redefining εk to be [Pk (β)− Pk] /BPVk, and noting that ∆εk·BPVk will give
the price change associated with the change to the yield residual for security
k. The empirical applications in section 6 and 7 investigate both the price and
yield residual approaches.

10Though it is not discussed further in this article, these “outright” risks could be eliminated
ex-ante (to a second-order approximation) by constructing a combination of securities with

the vector
PK

k=1Akλk = 0 and the matrix
PK

k=1AkΩk = 0, so then
hPK

k=1Akλk
i0
δ and

δ0
hPK

k=1AkΩk

i
δ would identically equal zero for any δ. Similarly, individual components of

risk may be eliminated while isolating just the desired exposure to other risks (such as a curve
flattening trade while maintaining neutral duration exposure). These combinations are easily
constructed within the framework of this article, but generally require short-sales of securities
to be achieved within practical constraints.
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4.1 A framework for portfolio returns

Once the VAO model is estimated, the market-value (MV) of each security k
will be defined by its PV and its price residual εk, i.e Pk = Pk (β) + εk. The
ex-post return from a fixed interest security over the horizon τ is by definition
∆Pk,t+τ = [Pk,t+τ (β)− Pk,t (β)] + ∆εk,t+τ , where ∆Pk,t+τ = Pk,t+τ − Pk,t is
the change in the MV, [Pk,t+τ (β)− Pk,t (β)] is the change in the PV, and
∆εk,t+τ = εk,t+τ − εk,t is the change in the price residual.

Ex-ante, the expected return from a fixed interest security may be ob-
tained by applying the expectations operator as at time t to each term in
the ex-post expression above, i.e Et [∆Pk,t+τ ] = Et [Pk,t+τ (β)− Pk,t (β)] +
Et [∆εk,t+τ ]. The expected return on a portfolio of securities is then the summa-

tion
XK

k=1
Ak,t·Et [∆Pk,t+τ ] =

XK

k=1
Ak,t·Et [Pk,t+τ (β)− Pk,t (β)]+

XK

k=1
Ak,t·

Et [∆εk,t+τ ]. Using the property noted in section 2 that the expected relative re-
turns are identical for each security k, Et [Pk,t+τ (β)− Pk,t (β)] = Zt,τ ·Pk,t (β)
and so Zt,τ may be factored out of the summation. In summary then, the
expected return from a portfolio of securities may be written as:

KX
k=1

Ak,t ·Et [∆Pk,t+τ ] = Zt,τ ·
KX
k=1

Ak,t · Pk,t (β) +
KX
k=1

Ak,t ·Et [∆εk,t+τ ] (7)

where Zt,τ ·
XK

k=1
Ak,t ·Pk,t (β) represents interest accrual returns on the port-

folio. This expression is approximated by the “running yield” terms arising in
the Taylor expansion of Appendix A due to the (fully anticipated) passage of
time, but the representation here is both more compact and is exact (i.e it also
accounts for the expected capital returns due to the anticipated movements in
the yield curve as noted in section 3, and the expected impact on returns from
the volatility structure defined for the VAO model within the risk-neutral HJM

framework).
XK

k=1
Ak,t · Et [∆εk,t+τ ] represents a source of capital return on

the portfolio if Et [∆εk,t+τ ] 6= 0. It is clear from equation 7 that if Et [∆εk,t+τ ]
are different for each security, expected portfolio returns will differ according to
the weighting of each security held in the portfolio. In other words, a portfo-
lio overweight securities with positive Et [∆εk,t+τ ] should offer excess expected
returns relative to a portfolio with lower weights of those securities.

Explicitly modeling Et [∆εk,t+τ ] within a time-series framework allows for
the quantification of potential excess returns. A very general time-series process

would be a VAR(P + 1), i.e εt+τ − π =
XP

p=0
θp (εt−p − π) + υt+τ , where

εt = (ε1,t, . . . , εk,t, . . . , εK,t) is the column K-vector of current price residuals;
π = (π1, . . . , πk, . . . , πK) is an empirically-determined column K-vector, with
πk the estimated persistent difference between the MV and the VAO model PV
of the security k; υt+τ is the column K-vector of residuals for VAR process
(which could even be heteroscedastic in the most general case); and each θp is
a (P + 1)× (P + 1) matrix of VAR coefficients.

The VAR(P +1) could be used to calculate the expected change in the price
residuals i.e Et [∆εt+τ ] = Et [εt+τ ]−εt, and the variance of the expected returns
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in equation 7 is the variance of the two right-hand side terms plus the covariance
between those two terms. In principle then, this system could then be optimised
using the framework pioneered by Markowitz (1959), i.e the maximisation of
the expected return relative to the expected standard deviation associated with
that expected return, while meeting relevant constraints.11 However, at least
two substantial issues in practice would be the robust estimation of all the pa-
rameters, and the computational complexity of the optimisation. Conversely,
introducing two simplifying approximations results in an optimisation frame-
work that remains consistent with Markowitz (1959), but requires only the
estimation of π beyond the initial estimation of the yield curve.

The first simplifying assumption is that the expected variance of returns is
captured “adequately” by the expected variance of the PV of the portfolio, i.e

var
·
Zt,τ ·

XK

k=1
Ak,t · Pk,t (β)

¸
. This will be valid if the expected variance due

to Et [∆εk,t+τ ], and the covariance between the two right-hand side terms of
equation 7 are relatively “small”, which is investigated in section 6. The re-
sults in section 2 show that the expected variance of the PV of the portfolio to

a second-order approximation is var
½hPK

k=1Akλk

i0
δ + δ0

hPK
k=1AkΩk

i0
δ

¾
(which simplifies to

hPK
k=1Akλk

i0
var(δ)

hPK
k=1Akλk

i
for the first-order ap-

proximation, where var(δ) is a 3× 3 variance-covariance matrix).
The second simplifying approximation is that P = 0, and θp = θI in the gen-

eral VAR(P +1) expression noted above, so that all price residuals then follow
independent stationary AR(1) processes, i.e εk,t+τ − πk = θ (εk,t − πk) + υk,t+τ
with |θ| < 1. Taking the expectation of this equation and applying some sim-
ple algebraic manipulation then gives Et [∆εk,t+τ ] = (θ − 1) (εk,t − πk), where
(θ − 1) will always be negative because θ < 1. Hence, a security with (εk,t − πk)
negative (i.e the MV below the PV by more than πk) would make Et [∆εk,t+τ ]
positive, and so would be expected to contribute returns of (θ − 1) (εk,t − πk)
over the horizon τ . Conversely, a security with (εk,t − πk) positive would be
expected to contribute negative returns.

It is convenient to define the variable αk,t = εk,t−µk as the “potential value”
of a unit of security k at time t. This is so-named because the MV of security
k could potentially be enhanced by αk,t in the long-run before further expected
changes to ∆εk,t+τ become zero. The potential value of a portfolio of securities
at time t is the weighted summation by face-value of the unit potential values

of the securities in the portfolio, i.e
XK

k=1
Ak,t · αk,t.

4.2 Vector/matrix notation for fixed interest securities and port-
folios

To dynamically combine the risks and returns of individual securities into port-
folios, it is convenient to re-express the MV and YCEs for each security at each

11See, for example, the exposition in Elton and Gruber (1995).
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point in time in an alternative vector/matrix notation.12 Specifically, use the
following three steps: (1) For each security, “stack” the MV Pk,t, the three
individual components of the FOYCE vector λk,t, and the six unique individ-
ual elements of the SOYCE matrix Ωk,t into a “unit information vector”, i.e
a column 10-vector [Pk,λk,1,λk,2,λk,3,Ωk,11,Ωk,12,Ωk,13,Ωk,22,Ωk,23,Ωk,33]

0
t,

denoted as Λk,t.13 (2) Collect the vectors Λk,t of each security that may ex-
ist in the portfolio into the “unit information matrix”, i.e a 10 × K matrix
[Λ1, . . . ,Λk, , . . . ,ΛK ]t, denoted as Λt. (3) Represent the individual face-values
of the securities in the portfolio as a face-value vector, i.e a column K-vector
[A0,1, . . . , A0,k, . . . , A0,K ]

0
t, denoted as A0,t.

The MV and the YCEs for the portfolio may now be summarised by the
“portfolio information vector”, i.e the column 10-vector ΛtA0,t. Table 8 in
Appendix B contains examples of Λk,t, Λt, A0,t, and ΛtA0,t. An alternative
portfolio at the same point in time would have the portfolio information vector
ΛtA1,t, where the unit information matrix is the same, but the alternative
face-values are now A1,t.14

Regarding the returns, collect the unit potential values of each security that
may exist in the portfolio into a “potential value vector”, i.e the column K-
vector (α1,t, . . . , αk,t . . . , αK,t), denoted as αt. The potential value of a portfolio
of securities with face-values A0,t may now be summarised as (θ − 1) · α0tA0,t.
An alternative portfolio of face-valuesA1 would have the potential value (θ − 1)·
α0tA1,t.

4.3 The optimisation of portfolios of fixed interest securities

Sections 2, 3, 4.1, and 4.2 provide the building blocks for a quantitative risk/return
framework that can be applied to ex-ante portfolio optimisation. The optimisa-
tion problem is: given the metrics of MV and YCEs defined by an initial portfo-
lio or a benchmark portfolio, construct an alternative portfolio that maximises
expected return while replicating the MV and YCEs of the initial/benchmark
portfolio. This optimisation problem may be summarised mathematically as
the system:

12The PV could also be used. However, using the MV anticipates the typical practical
constraint that trading be cash neutral (so cash injections or withdrawals are not required) in
outright terms or relative to a benchmark. In the empirical work of section 7 the optimised
portfolio is maintained to be cash neutral relative to the benchmark portfolio.
13The generic VAO model would have 1+N +N (N − 1) /2 terms in each vector Λk, where

N is the number of modes, and N (N − 1) /2 is the number of unique components in the Ωk

matrix.
14 If the two portfolios have different MVs, the scalings 1

MV0
ΛtA0,t and 1

MV1
ΛtA1,t will

standardise each MV to unity, making the YCEs directly comparable in relative terms, i.e
analogous to traditional duration and convexity measures that define exposures in percent of
portfolio MV, and equivalent to the partial duration and convexity measures of Golub and
Tilman (2000) pp. 24-25.
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Maximise : (θ − 1) ·α0A1,t + Zt,τ ·
KX
k=1

A1,k,t · Pk,t (β) (8a)

subject to :
KX
k=1

A1,k,t · Pk,t=
KX
k=1

A0,k,t · Pk,t (8b)

and : var [w (A1,t)] = var [w (A0,t)] (8c)

and : A1,k,min ≤ A1,k ≤ A1,k,max (8d)

where w (A) =
hPK

k=1Akλk

i0
δ + δ0

hPK
k=1AkΩk

i
δ, defined using A1 or A0,

and A1,k,min and A1,k,max are given minimum and maximum limits on the face-
value of A1,k that may be held in the portfolio (e.g A1,k,min = 0 prohibits
negative or “short” positions in the portfolio).

The equations in system 8 may be simplified. Firstly, given that the universe
of feasible alternative portfolios must all have the same portfolio MV (as spec-

ified by the equality constraint in equation 8b),
XK

k=1
A1,k ·Pk,t (β) and hence

Zt,τ ·
XK

k=1
A1,k ·Pk,t (β) will be approximately constant for all feasible alterna-

tive portfolios.15 Hence, equation 8a may be replaced with just (θ − 1) ·α0A1,
and then secondly, the scalar (θ − 1)may be eliminated from the objective func-
tion, being identical for each security. Thirdly, the constraints in 8b and c may
be replaced by the vector notation in section 4.2, i.e ΛA1 = ΛA0. Specifically,
if the first component of the 10-vector ΛA1 equals that of ΛA0, then the MVs
of the two portfolios will be identical, if the second to fourth components of
ΛA1 equal those of ΛA0, then the FOYCEs will be identical, and if the fifth
to tenth components of ΛA1 equal those of ΛA0, then the SOYCEs will be
equal. In other words, for any unanticipated change in the yield curve δ, the
second-order approximations w (A1) and (A0) will be identical. Making the
noted simplifications, the system represented by equations 8a to d reduces to
the system:

Maximise: α0A1 (9a)

subject to: ΛA1 = ΛA0 (9b)

and: A1,k,min ≤ A1,k ≤ A1,k,max (9c)

The system represented by equations 9a to c is a linear programme. Com-
pared to the alternative approach (in principle) of maximising risk versus return
via expected returns, variances and covariances, the advantages of the linear
programming approach are twofold: (1) the optimisation may now be under-
taken using the simplex algorithm, a standard and straightforward method

15The degree of approximation here is very small, i.e −Zt,τ ·
XK

k=1
A1,k · εk,t, which repre-

sents interest on the portfolio residual value. Similarly, as alluded to in section 2, explicitly
incorporating a term premium function that varies by maturity would lead to minor differences
in Zt,τ for each security, but this contribution would also be very small.
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of optimisation;16 (2) the optimisation problem has ready intuition, i.e the
portfolio with the highest potential value and indentical YCEs to the ini-
tial/benchmark portfolio will offer the highest expected returns for the same
risks.

4.4 Active yield curve exposures

The framework developed above is also directly applicable to active yield curve
trading, i.e where the portfolio manager deliberately seeks to take on YCEs in
the alternative portfolio relative to the initial/benchmark portfolio, based on a
view of how the yield curve is likely to change. If the view is proven correct,
then the PV and hence MV of the alternative portfolio will increase relative to
the initial/benchmark portfolio, but a relative loss will occur if the yield moves
in the opposite direction.

The optimisation problem is then: given the MV and YCEs defined by
an initial/benchmark portfolio and the desired “active” YCE/s, construct an
alternative portfolio that maximises expected return while delivering the desired
MV and YCEs. Mathematically, the optimisation problem may be expressed
as:

Maximise: α0A1 (10a)

subject to: ΛA1 = ΛA0 + κ (10b)

and: A1,k,min ≤ A1,k ≤ A1,k,max (10c)

where κ represents the desired or accepted differences between the YCEs of
the alternative portfolio and the initial/benchmark portfolio. In this case, the
intuition aspect of the framework developed in this article is highly desirable
relative to a “black box” of variances and covariances, because the intended
exposure/s to yield curve changes may be visualised using the VAO model
modes, and then precisely specified and constructed. For example, a pure rel-
ative slope/twist/curve trade may be specified by κ = (0, 0, $x2, 0, 0, . . . , 0)

0,
and a portfolio constructed with ΛA1 = ΛA0 + κ would return $x2 relative
to the initial/benchmark portfolio for each bp increase in the Slope coefficient;
changes in the Level or Bow coefficients would deliver a zero change relative to
the initial/benchmark portfolio. Similarly, κ = (0, 0, 0, $x3, 0, . . . , 0)

0 represents
a pure relative bow/barbell/butterfly/curvature trade, and hybrid trades (i.e
with several distinct exposures to the yield curve) would be specified several
non-zero entries; even the element for portfolio MV could be non-zero if cash
were being injected or withdrawn relative to the initial/benchmark portfolio.
Using the optimisation framework determines the portfolio with the highest po-
tential value that achieves the desired exposure/s to yield curve changes, which
will act to enhance portfolio returns independently of whether the active yield
curve trading is successful or not.

16See, for example, Murty (1983).
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5 Description of the data

The empirical analysis is undertaken using United States fixed-for-floating in-
terest rate swaps data. Swaps data are used rather than US Treasury market
data for the following reasons: (1) swaps are a new class of security on which
to investigate relative value, while the issue of relative pricing in sovereign
bond markets has already been addressed previously in Sercu and Wu (1997),
Ioannides (2003), and for the US Treasury market in Ronn (1987) and Cornell
and Shapiro (1989); (2) with appropriate treatment (as detailed in Appendix
B), the swaps data for each available maturity may be used to proxy a bond
portfolio with a constant investment universe, which makes the analysis more
straightforward than for sovereign bond markets where the investment universe
must be continuously adjusted to allow for maturities and new issuance; and (3)
swaps are more standardised and homogeneous than government bonds, espe-
cially in the US Treasury market where the relative price of securities includes
on-the-run/off-the-run effects, issuance and buyback effects, liquidity and tax
differences.17 A particularly desirable aspect of swaps homogeneity is that the
effective funding rate for all maturities is identical, being the London inter-
bank offered rate (LIBOR) by definition for US swaps. Conversely, the effective
funding rate for each US Treasury security is its associated repurchase rate,
and these are often different, sometimes markedly due to “speciality” in the
physical market.

The data are obtained from Datastream, and are the daily mid-rates for
the federal funds target rate, and the 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 12, 15,
20, 25, and 30-year swaps rates (i.e 16 rates in total) from 1 May 1998 to 31
October 2003. This period was determined by the availability of data for the
full breadth of the US yield curve, which was limited by the availability of the
20, 25, and 30-year swaps rates. However, while the period is relatively short in
chronological time, it should be representative; i.e the data spans 1,376 trading
days, captures a full monetary policy cycle (i.e the 1999/2000 sequence of hikes,
and the 2001 sequence of cuts to the federal funds rate), captures a full cycle
in long-maturity rates, and includes the financial market stress events of the
Asian/Russian/LTCM crisis, and the 11 September 2001 World Trade Centre
tragedy. Before beginning the empirical analysis, 24 obvious data anomalies
occurring over 11 days of the dataset were corrected,18 and non-trading days
were removed from the dataset. Figure 4 illustrates the time-series of three of
the 16 data series used in the empirical analysis.

[ Figure 4 here ]

17See Fleming (2003) for a discussion of these aspects in the context of measuring market
liquidity.
18Specifically, one “big figure error” and errors indicated by daily changes in yields for

individual swap maturities that were 10 to 50 bps inconsistent with the daily changes for
similar maturity swaps.
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6 The ex-post application of the risk/return frame-
work

This section empirically investigates the risk/return framework developed in
sections 3 and 4 from an ex-post perspective, to check whether the empirical
data conforms to framework developed. Specifically, section 6.1 processes the
swaps data into the associated VAO model representation; section 6.2 inves-
tigates the time-series properties of the residuals and section 6.3 investigates
the ex-post attribution of returns. Note that for this ex-post application, the
volatility coefficient vector v was initially estimated using the data for the entire
sample, as detailed in Appendix C of Krippner (2003).

6.1 Estimating the VAO model

Following Appendix C of Krippner (2003), the VAO model is estimated cross-
sectionally for each day of the sample period using the swaps data recorded
on that day, and an objective function to minimise the sum of squared yield
residuals.19 Figure 5 shows an example of the estimated yield curve, and the
yield and price residuals for Friday 14 September 2001. This example was
selected because an “upward slope” and “downward bow” are clearly evident
in the actual yields, which illustrates the intuition behind the positive Slope
coefficient and the negative Bow coefficient of the estimated yield curve.

Estimating the VAO model each day produces a time-series of yield curve
coefficients for the sample period, and an associated time-series of price or yield
residuals for each security used to define the yield curve. Figure 6 plots the time-
series of Level, Slope, and Bow coefficients, which illustrates the intuition behind
changes to the coefficients over time, e.g the increase in the Slope.coefficient
from 2001 indicates a “steepening” of the swaps yield curve.

[ Figure 5 here ], [ Figure 6 here ]

6.2 The time-series properties of the residuals

Figure 7 illustrates the time-series of yield residuals from the yield curve estima-
tions for three of the 16 swaps data series. Table 1 contains the results of unit
root tests on the yield and price residuals for each series used to define the yield
curve.20 Because initial inspection indicated heterscedasticity in the residuals,
the unit root tests were all undertaken using the Phillips-Perron approach with
the Newey and West (1987) estimator and the Newey and West (1994) window
selection method, which gave window widths ranging from 27 to 30 in all cases.

[ Figure 7 here ], [ Table 1 here ]
It is evident from table 1 that the hypothesis of a unit root is rejected only in

a minority of the price or yield residuals time-series, which is inconsistent with

19This approach is widely used in the literature, e.g see Nelson and Siegel (1987) and
Svensson (1994).
20The long-term time-series properties of the Level, Slope, and Bow coefficients has already

been investigated in Krippner (2003), and so is not repeated in this article.

15



the assumption of stationary AR(1) processes in the second simplifying approx-
imation of section 4.1 However, the result here is likely due to the relatively
short chronological span of the data; related results from longer time-series
typically rejected the hypothesis of a unit root.21 Also, a genuine unit root
process in the yield or price residual is inconsistent with theory, i.e the yield of
a given security could not deviate arbitrarily from similar securities on the rest
of the yield curve, because an obvious arbitrage opportunity would result at
some point. Hence, the analysis continues on the assumption that the none of
residual series genuinely contain a unit root, but the results here do illustrate
that the degree of mean-reversion in the residuals may be relatively weak.

The second simplifying approximation of section 4.1 also assumed indepen-
dence in the AR(1) processes for the yield or price residuals. As a way of
testing this, the hypothesis that P = 0 and θ0 = θI in the general VAR(P + 1)
is tested against the VAR with P = 1 and θ0 and θ1 unrestricted (i.e two 16×16
matrices of estimated coefficients). The results very strongly reject the hypoth-
esis that P = 0 and θp = θI in favour of the unrestricted alternative (e.g for
the yield residuals, the likelihood ratio statistic with 511 degrees of freedom is
4504, compared to the 1 percent critical value of 440), and so suggests that the
time-series processes for the residuals are either not AR(1), not independent,
or both. However, this result does not invalidate the framework of section 4; it
simply suggests that the residual series may contain additional useful informa-
tion for identifying potential excess returns that is being ignored by assuming
independent AR(1) processes. In principle, this additional information could
be exploited in ex-ante portfolio optimisation at the cost of a full VAR(P + 1)
estimation at each point in the time-series, but this is beyond the scope of this
article, and the potential benefit for the additional complexity is questionable
in any case.

6.3 The ex-post attribution of portfolio returns

The investigation of ex-post portfolio returns is undertaken using a benchmark
portfolio constructed as follows: (1) the benchmark portfolio is established as at
1 May 1998 with zero cash and a $10 million face-value for each swap maturity;
(2) this portfolio is carried over to the following trading day, and is revalued
using the prevailing yield curve, as noted in Appendix B, giving a daily return
equal to the revalued portfolio MV less $150 million; (3) the face-values in the
portfolio are reset to 10 million; and (4) steps 2 and 3 are repeated for the entire
sample.22 The traditional duration of this benchmark portfolio varies with the
yield curve, but as a guide, the traditional duration averages 7.00 years over
the sample period, ranging from 6.26 years to 8.00 years.

21For example, using the residuals from US Treasury data in the work in Krippner (2003),
and using US swaps data with only eight maturities to represent the yield curve for the sample
period 1994 to 2003, obtained from Bloomberg (with permission).
22This sequence of steps is commonly used to construct returns on a bond index based

on market-issued face-values. Note that the daily returns could be converted to percentage
returns by dividing them by the portfolio MV (of $150 million in this case), which is how
returns on a bond index are typically quoted, but all returns are expressed as outright dollar
returns in this article.
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This process gives a time-series of 1,375 independent daily benchmark port-
folio returns, and the cumulative returns are plotted in figure 8. Using the result
noted in section 2 to calculate the ex-post stochastic components of changes in
the yield curve, i.e δ (t, t+ τ) = Φ (φ, τ)β (t)− β (t+ τ), the results of section
3 are used to attribute portfolio returns due to changes in the Level, Slope,
and Bow coefficients, i.e the three FOYCEs and the six unique SOYCEs. As
in section 4, portfolio returns due to yield or price residuals may also be esti-

mated directly, i.e
XK

k=1
Ak,t ·∆εk,t+τ . Finally, the interest accrual return is

estimated as the difference between the benchmark portfolio returns less the
returns already attributed above.23 Table 2 contains the summary statistics on
these daily portfolio return attributions. Table 3 contains the covariances of
between each of the attributions.

[ Table 2 here ], [ Table 3 here ]
From table 2, the dispersion of the attribution of daily returns (as mea-

sured by the standard deviation, minimum, maximum, or the maximum less
minimum) has the ranking Level FOYCE > Slope FOYCE > Bow FOYCE
À interest accrual À residual À SOYCE returns. Table 3 also shows that
the covariances outside of the “FOYCE block” are very small. It is evident,
therefore, that the risks of the portfolio are adequately captured by the YCEs,
which is consistent with the first simplifying approximation noted in section
4.1. Indeed, for the daily horizon, the results also show that the SOYCE com-
ponents, either individually or in total, make extremely small contributions to
the overall YCEs. This result suggests that the SOYCE components of YCE
may be ignored in practical fixed interest portfolios.24 The simulated ex-ante
portfolio optimisations of section 7 therefore proceed without any constraints
on the SOYCE components of the optimised portfolio, although the ex-post
impacts of the SOYCE components are still measured to confirm that their
contributions are relatively minor.

7 Simulated ex-ante portfolio optimisation

Simulated ex-ante portfolio optimisation is so-named because the sequence of
historical data is used as if the portfolio optimisation at each point in time were
being undertaken ex-ante.25 In other words, only information that was available

23As the “remainder”, the interest accrual term will therefore implicitly capture third-order
and higher effects ignored in the second-order Taylor approximation of section 3, and also any
approximations involved with assuming the term premium function to be zero in sections 2
and 4, as well as the geniune interest accrual. However, a cross-check of the interest accrual
return showed a close coincidence, in total and for each day, with the return calculated directly
via the Federal funds rate applied to the MV of $150 million, which suggests the non-geniune
interest accrual effects are indeed small.
24This result is consistent with the results of Soto (2001), where it is found that constraints

on “level, slope and curvature of term structure shifts are necessary to guarantee a return
close to target”, while differences in traditional convexity have little impact over horizons of
one and two years. However, it is worth noting that SOYCE effects aggregate over time, and
may make a material contribution to portfolio returns for long horizons.
25This name is adopted from the “simulated real-time forecasting” of Stock and Watson

(2001) in a macroeconomic context, and is also known as “out-of-sample” testing with recursive
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up to time t may be used for each optimisation at time t. This aspect rules out
the use of the full-sample estimated values of the volatility coefficient v and the
mean yield or price residuals πk. Rather, v and πk are recursively estimated

using the data available to the previous day, i.e vn (t) = 1
t−1

Xt−1
i=1

¡
∆βn,i

¢2,
and πk (t) =

1
t−1

Xt−1
i=1

εk,i, where the time index notation (t) represents the
estimates of those constant parameters used for the portfolio optimisation at
time t. The data from 1 May 1998 to 30 October 1998 (i.e the first six months
of the sample) is used to obtain initial estimates of vn (t) and πk (t), and the
simulated ex-ante portfolio optimisation proceeds from 2 November 1998.

7.1 Portfolio optimisation without active yield curve exposures

The investigation of ex-ante portfolio optimisation performance is undertaken
using an alternative portfolio constructed as follows: (1) as at 2 November 1998,
the portfolio is established with the face-values of benchmark portfolio noted
in section 6; (2) as previously noted, the volatility coefficient and the mean
price or yield residual is calculated using the data available up to the previous
day; (3) the portfolio is optimised to maximise either yield or price residuals
using the linear programme in equation 9 (i.e with the alternative portfolio MV
and FOYCEs equal to those of the benchmark portfolio on that day), and the
constraint that the face-values of each swap are maintained between $0 and $20
million; (4) this optimised portfolio is carried over to the following trading day
and is revalued using the prevailing yield curve, as noted in Appendix B, giving
a daily return equal the revalued portfolio MV less $150 million; and (5) steps
2 to 4 are repeated for the entire sample.

This process gives a time-series of 1,248 independent daily alternative port-
folio returns, and the cumulative returns of the optimised portfolio using both
yield and price residual maximisation are plotted in figure 8 (these have been
spliced onto the cumulative return for the benchmark portfolio as at 30 Octo-
ber 1998 to make them comparable). It is evident that the returns for both of
the optimised portfolios are higher than for the benchmark over optimisation
period (by 151 bps and 111 bps per annum, respectively, for the yield and price
residual optimisations).

As for the benchmark portfolio noted in section 6.3, the returns for the
optimised portfolios may be attributed ex-post, and this attribution analy-
sis is shown in table 4 for the yield residual optimisation (the results for the
price residual optimisation are similar, and so are omitted from this article for
brevity). Comparing table 4 to table 2, it is evident that the attributions of
returns for the optimised portfolio are very similar to those for the benchmark
portfolio, except the attribution of return to the residual component in the op-
timised portfolio is substantially higher, as measured by the sum or the daily
mean. However, the dispersion of returns, as measured by the standard devi-
ation or the maximum less minimum, for the residual component and actual
returns are also higher for the optimised portfolio, which raises the issue of
whether the excess returns simply represent a leverage effect, i.e an expected

model estimation.
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increase in marginal returns for the increase in marginal risk. This issue may be
addressed by subtracting the daily returns of the benchmark portfolio from the
daily returns of the optimised portfolios to give a time-series of relative returns.
These cumulative relative returns are plotted in figure 9, and the statistics
relating to the daily relative returns are contained in table 5.

The information ratios (annualised return divided by annualised standard
deviation) for the optimised portfolio returns relative to benchmark are sub-
stantially higher than the information ratios for the benchmark portfolio itself,
indicating that the excess relative returns on the optimised portfolios are not
simply proportional to the scaling of risk on the benchmark portfolio. Also, the
adjusted t-statistics (calculated using the Newey and West (1987) estimator and
the Newey and West (1994) window selection method; the window widths are
5, 5, 4, 12, and 4) indicate that the returns relative to benchmark are strongly
statistically significant.

7.2 Portfolio optimisation with active yield curve exposures

As an illustration of altering the yield curve exposure of a portfolio, the port-
folio optimisation in section 7.1 is also undertaken with an alternative portfolio
that is “short duration” relative to the benchmark portfolio (i.e the traditional
duration is shorter by 1.33 years on average over the sample). Specifically, the
“short duration” optimised portfolio has a Level FOYCE over the sample period
averaging -$85,350 per bp change in the Level coefficient, while the benchmark
portfolio has a Level FOYCE averaging -$105,350 per bp. In absolute terms,
the “short duration” optimised portfolio is at all times maintained at $20,000
per bp less exposure to the Level coefficient of the yield curve than the bench-
mark portfolio, and in relative terms, the MV of the “short duration” optimised
portfolio relative to the benchmark portfolio would be expected to increase (de-
crease) by $2 million for a 100 bp or 1 percentage point increase (decrease) in
the Level coefficient.26

Table 6 contains the ex-post return attribution for this optimised portfolio,
this time based on price residual maximisation (the results for the yield resid-
ual optimisation are similar, and so are omitted from this article for brevity).
Comparing table 6 to table 2, it is evident that the attributions of returns
for the “short duration” optimised portfolio are very similar to those for the
benchmark portfolio, except for the return to the residual component again,
and now also the components related to the Level YCE, i.e the Level FOYCE,
the Level/Level SOYCE, the Level/Slope SOYCE, and the Level/Bow SOYCE.
Of more importance, the dispersions of the Level YCE-related attributions to
return are also smaller than for the benchmark portfolio, consistent with the
notion that the “short duration” optimised portfolio has less absolute exposure
to the stochastic changes to the Level coefficient of the yield curve.

To gauge the impact of the different Level YCE in a relative sense, the
cumulative returns for the “short duration” optimised portfolio less the cumu-

26 It was not possible to create a portfolio with material Slope YCE or Bow YCE within the
constraints given in section 7.1. This would require the relaxation of the allowable face-values
to allow short sales.
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lative return for the “neutral duration” optimised portfolio from section 7.2 are
plotted in figure 10.27 Figure 10 also plots the time-series of the Level coeffi-
cient, and it is evident that the MV of the “short duration” optimised portfolio
relative to the “neutral duration” optimised portfolio is positively correlated
with changes to the Level coefficient, as expected. Specifically, the MV of the
“short duration” optimised portfolio relative to the MV of the “neutral dura-
tion” optimised portfolio initially increases by approximately $3 million with
an increase of approximately 150 bps in the Level coefficient (from 7.00 to 8.50
percent), and then decreases by approximately $3 million with a decrease in
the Level coefficient by approximately 150 bps; both consistent with the ex-
pected $20,000 per bp relative exposure. The cumulative relationship in the
second part of figure 10 is similar, but is not as “tight” due to differences in the
cumulative attribution to the residual component between the two portfolios.

8 Conclusion

This article develops a risk/return framework for fixed interest portfolios based
on the volatility-adjusted orthonormalised Laguerre polynomial model (VAO
model) of the yield curve from Krippner (2003). The framework may be used
for the optimisation of fixed interest portfolios without taking on yield curve
exposures, by selecting securities that offer excess returns while maintaining
portfolio yield curve exposures at levels defined by the initial or benchmark
portfolio. The framework is also suitable for active yield curve trading (i.e
deliberately taking on exposures to movements in the yield curve) by specifying
the desired yield curve exposures as differences to the initial or benchmark
portfolio.

In the empirical application using four years of US interest rate swaps
data, the attribution analysis shows that the data conforms well within the
risk/return framework developed, and that a portfolio optimised using the VAO
model risk/return framework significantly outperforms a naive buy-and-hold
benchmark over time. However, this article has not addressed the costs of trad-
ing, which are likely to impact substantially on returns. This is left for future
work.

A The second-order Taylor expansion for a unit cash-
flow

Using the notation of Greene (1997), the second-order Taylor expansion of
p(β + δ,m − τ) = exp

£− ¡[β + δ]0 s− v0u¢ · (m− τ)
¤
around the column 4-

vector [β1, β2, β3,m]
0 is defined as:

27The “neutral duration” optimised portfolio was chosen as the “benchmark” in this case,
because both optimised portfolios include similar, though not identical, excess returns to
optimisation; this makes differences due to Level exposure more apparent over time.
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·
∂p (β,m)

∂β

0
,
∂p (β,m)

∂m

¸ ·
δ
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¸

+
1

2

£
δ0,−τ¤

 ∂2p(β,m)
∂β∂β0

∂2p(β,m)
∂m∂β

∂2p(β,m)
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0 ∂p(β,m)
∂m2

 · δ
−τ

¸
(11)

where for notational convenience,
£
δ0,−τ¤ is the row 4-vector [δ1, δ2, δ3,−τ ]

partitioned as the row 3-vector δ0 and the scalar τ ,28 and the first-order and
second-order components in equation 11 have been partitioned in accordance
with this notation. Expanding equation 11 using the given partitioned compo-
nents gives:

p (β,m) +

·
∂p (β,m)

∂β

¸0
δ+
1

2
δ0
·
∂2p (β,m)

∂β∂β0

¸
δ

−∂p (β,m)
∂m

· τ + 1
2

∂p (β,m)

∂m2
· τ2 − 2τ ·

·
∂2p (β,m)

∂m∂β

¸
δ (12)

where the first line of equation 12 contains the capital value terms, and the
second line contains the “running yield” terms.29 The partial derivatives in
may be calculated directly, i.e:

∂p (β,m)

∂β
=

∂ exp
£− ¡β0s− v0u¢ ·m¤

∂β
(13a)

=
∂ exp

£− ¡β0s− v0u¢ ·m¤
∂
¡
β0s− v0u¢ ∂

¡
β0s− v0u¢
∂β

(13b)

= −m · exp £− ¡β0s− v0u¢ ·m¤ s (13c)

= −m · p (β,m) s (13d)

where the second line applies the chain rule of differentiation (in a scalar sense,
because β0s − v0u = R (m), which is a scalar function of m), and the third
line makes the substitution β0s − v0u = s0β − u0v (because both expressions
are the scalar function R (m)) and applies the result from Greene (1997) p. 51
that ∂[s0β]

∂β = s. Using similar techniques, the second partial derivative may be
calculated using the result from equation 13, i.e:

28 In full, [δ1, δ2, δ3,−τ ] = [β1 + δ1, β2 + δ2, β3 + δ3,m− τ ] − [β1, β2, β3,m], or [δ,−τ ] =
[β + δ,m− τ ]− [β,m].
29That is, the holding returns due to the market yield on the given maturity of cashflow.

Note that “running yield” is not the same as the returns expected from the HJM framework,
because the HJM returns also account for capital returns due to anticipated movements in
the yield curve, and the impact of volatility on returns in a risk-neutral environment.
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∂β∂β0
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·
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∂β0

¸
=

∂
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·
∂p (β,m)

∂β

¸0
(14a)

=
∂
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(14b)

= −m · ∂ exp
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∂
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β0s− v0u¢ ∂

¡
β0s− v0u¢
∂β

s0 (14c)

= −m · ©−m · exp £− ¡β0s− v0u¢ ·m¤ · ss0ª (14d)

= m2 · exp £− ¡β0s− v0u¢ ·m¤ ss0 (14e)

= m2 · p (β,m) ss0 (14f)

To illustrate that the elements of the second line of equation 12 represent
interest accrual terms, the first term is also derived directly (which is simplified
by writing R (m) as the equivalent scalar function of m), i.e:

∂p (β,m)

∂m
=

∂ exp [−R (m) ·m]
∂m

(15a)

=
∂ exp [−R (m) ·m]

∂ [R (m) ·m]
∂ [R (m) ·m]

∂m
(15b)

= exp [−R (m) ·m] · f (m) (15c)

= p (β,m) · f (m) (15d)

where equation 15c uses the result d[R(m)·m]
dm = f (m), which follows from the

definition R (m) = 1
m

Z m

0
f (x) dx, and the second fundamental theorem of

integral calculus (see, for example, Thomas and Finney (1984) p. 286). p (β,m)·
f (m) · τ therefore represents the interest earned on the PV of the unit cashflow
over the horizon τ . The calculations for the remaining second-order terms of
equation 12 are not shown here for brevity, but in summary 1

2
∂p(β,m)
∂m2 · τ2 =

p (β,m)
n
[f (m)]2 + ∂f(m)

∂m

o
· 12τ2, which represents “interest on interest” over

the horizon τ , and −2τ ·
h
∂2p(β,m)
∂m∂β

i0
δ = −2τ ·p (β,m) [m · f (m) s+ g]0 δ, which

represents “interest on changes in PV” over the time-step τ .30

B Using swaps rate data to represent a bond port-
folio

Following the discussion in Hull (2000) chapter 5, the fixed interest side of a
“plain vanilla” fixed-for-floating swap has the same cashflows and valuation as a
fixed coupon bond with the same parameters (i.e settlement date, coupon rate,

30g(φ,m) = ∂[s(φ,m)m]
∂m

, where g(φ,m) are the foward rate modes originally used to calculate

s(φ,m) in Krippner (2003), i.e s(φ,m) = 1
m

Z m

0

g(φ, x)dx.
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maturity, and basis). By agreed market convention,US swaps data are quoted
for standard maturities as the fixed rate for the fixed interest side of the swap,
and the parameters for the fixed interest side are an annual coupon rate paid
semi-annually on a 30/360 basis, effective two working days from transaction.
Hence, a swap rate S (t, x) quoted at date t for maturity x-calendar-years is
equivalent to a bond settling on date t+ 2-working-days, with the first coupon
S (t) /2 due on date t + 2 + 6-calendar-months, subsequent coupons S (t) /2
due each 6-calendar-months thereafter, and the final payment of principal and
coupon 1+S (t) /2 due at the maturity date of t+2+ x-calendar-years.31 The
cashflow on date t + 2-working-days representing the settlement price or MV
for the bond is 1, i.e “par” value, because the quoted yield equals the coupon
rate by definition. Figure 6 shows an example of these cashflows for the 2-year
swap rate quoted on Friday 13 December 2002. With these cashflows defined,
the PV and YCEs of the security may be calculated using the estimated yield
curve defined by the estimated value of β (t). This is also illustrated in figure
6 for the 2-year swap cashflows. Table 8 contains an example of how the YCEs
of a portfolio of fixed interest securities are derived from the YCEs of the
constituent securities.

[ Table 7 here ], [ Table 8 here ]
The swaps data may be used to proxy a bond portfolio following the steps

outlined in sections 6 and 7 of the text. However, the revaluation of “yester-
day’s” bond portfolio carried forward to the current trading day is not a trivial
task, because yesterday’s bonds (i.e the fixed interest side of yesterday’s swap
rates) are no longer valued at par. The difference from par arises because yes-
terday’s bonds now have one trading day of interest accrual, and the yields used
to discount the fixed cashflows are also likely to have changed. The new MVs
of the bonds are obtained by constructing the zero-coupon yield curve that
is identically consistent (i.e the MV precisely matches the PV based on the
zero-coupon curve) with all of the prevailing swaps data, and then discounting
the fixed cashflows of yesterday’s bonds using the interest rates obtained from
that zero-coupon curve. Hull (2000) p. 150 discusses the concepts behind this
technique, but the actual procedure used in this article creates a continuous,
stepwise zero-coupon curve based on the linear interpolation of the continu-
ously compounding interest rates at the maturity of each swap. Note that the
MV/PV obtained using this identically consistent zero-coupon curve is distinct
from the PV obtained using the estimated VAO model curve (where the MV
and PV are not identical).

31All subject to the modified following business day convention, as noted in Hull (2000) p.
128.

23



References

Barber, J. and Copper, M. (1996), ‘Immunisation using principal components
analysis’, Journal of Portfolio Management Fall, 99—105.

Baxter, M. and Rennie, K. (1996), Financial Calculus: An Introduction to
Derivative Pricing, Cambridge University Press.

Björk, T. and Christensen, B. (1999), ‘Interest rate dynamics and consistent
forward rate curves’, Mathematical Finance 9(4), 323—348.

Bliss, R. (1997), ‘Testing term structure estimation methods’, Advances in Fu-
tures and Options Research 9, 197—231.

Bowden, R. (1997), ‘Generalising interest rate duration with directional deriva-
tives: direction X and applications’, Management Science 43(5), 586—595.

Brown, R. and Giurda, F. (2003), ‘Euro-govvie relative value - overview’, UBS
Investment Research 3 September.

Chambers, D., Carleton, W. and McEnally, R. (1988), ‘Immunizing default-
free bond portfolios with a duration vector’, Journal of Financial and
Quantitative Analysis 23(1), 89—104.

Cornell, B. and Shapiro, A. (1989), ‘The mispricing of U.S Treasury bonds: a
case study’, Review of Financial Studies 2, 297—310.

Cox, J., Ingersoll, J. and Ross, S. (1985), ‘A theory of the term structure of
interest rates’, Econometrica 53, 385—407.

Diebold, F. and Li, C. (2002), ‘Forecasting the term structure of government
bond yields’, Working paper, University of Pennsylvania .

Elton, E. and Gruber, M. (1995), Modern Portfolio Theory and Investment
Analysis, Wiley and Sons.

Filopovíc, D. (1999a), ‘Exponential-polynomial families and the term structure
of interest rates’, Working paper, ETH Zurich .

Filopovíc, D. (1999b), ‘A note on the Nelson-Siegal family’, Mathematical Fi-
nance 9(4), 349—359.

Fisher, L. and Weill, R. (1971), ‘Coping with the risk of interest rate fluctua-
tions’, Journal of Business 44, 408—431.

Fleming, M. (2003), ‘Measuring Treasury market liquidity’, Federal Reserve
Bank of New York Bulletin 9(3), 83—108.

Golub, B. and Tilman, L. (2000), Risk Management Approaches for Fixed In-
come Markets, Wiley and Sons.

Greene, W. (1997), Econometric Analysis, Third Edition, Prentice Hall.

24



Heath, D., Jarrow, R. and Morton, A. (1992), ‘Bond pricing and the term struc-
ture of interest rates: A new methodology for contingent claims valuation’,
Econometrica 60(1), 77—106.

Ho, T. (1992), ‘Key rate durations: measures of interest rate risks’, Journal of
Fixed Income September, 29—44.

HSBC Bank (2001), ‘Government fair value models’, HSBC Bank Bloomberg
site 18 October.

HSBC Bank (2003), ‘Gilt fair value model’, HSBC Bank Bloomberg site 24
November.

Hull, J. (2000), Options, Futures and Other Derivitives, Fourth Edition, Pren-
tice Hall.

Ioannides, M. (2003), ‘A comparison of yield curve estimation techniques using
UK data’, Journal of Banking and Finance 27, 1—26.

Kacala, V. (1993), ‘Zero coupon curves part 3: fair bond yields’, Research paper,
Buttle Wilson .

Krippner, L. (2003), ‘Modelling the yield curve with orthonormalised Laguerre
polynomials: an inter-temporally consistent risk-neutral approach, and an
economic interpretation’, Working paper, University of Waikato .

Litterman, R. and Sheinkman, J. (1991), ‘Common factors affecting bond re-
turns’, Journal of Fixed Income June, 54—61.

Macauley, F. (1938), Some Theoretical Problems Suggested by the Movements
of Interest Rates, Bond Yields, and Stock Prices in the United States since
1865, Columbia University Press.

Malik, H., Barry, J. and Xiao, Q. (2003), ‘US Treasury relative value and asset
swap report’, JP Morgan internet website 25 November.

Mann, S. and Ramanlal, P. (1997), ‘The relative performance of yield curve
strategies’, Journal of Portfolio Management Summer, 64—70.

Markowitz, H. (1959), Portfolio Selection: Efficient Diversification of Invest-
ments, Wiley and Sons.

Murty, K. (1983), Linear Programming, Wiley and Sons.

Nawalkha, S., Soto, G. and Zhang, J. (2003), ‘Generalised M-vector models for
hedging interest rate risk’, Journal of Banking and Finance 27, 1581—1604.

Nelson, C. and Siegel, A. (1987), ‘Parsimonious modelling of yield curves’,
Journal of Business October, 473—489.

Newey, W. and West, K. (1987), ‘A simple, positive semi-definite, heteroskedas-
ticity and autocorrelation consistent covariance matrix’, Econometrica
55, 703—708.

25



Newey, W. and West, K. (1994), ‘Automatic lag selection in covariance matrix
estimation’, The Review of Economic Studies 61(4), 631—653.

Reitano, R. (1996), ‘Non-parallel yield curve shifts and stochastic immunisa-
tion’, Journal of Portfolio ManagementWinter, 71—105.

Ronn, E. (1987), ‘A new linear programming approach to bond portfolio man-
agement’, Journal of Financial and Quantitative Analysis 22(4), 439—466.

Sercu, P. and Wu, X. (1997), ‘The information content in bond model residuals:
an empirical study on the Belgian bond market’, Journal of Banking and
Finance 21, 685—720.

Soto, G. (2001), ‘Immunization derived from a polynomial duration vector in
the Spanish bond market’, Journal of Banking and Finance 25, 1037—1057.

Stock, J. and Watson, M. (2001), ‘Macroeconomic forecasting using diffusion
indexes’, Journal of Business and Economic Statistics 20(2), 147—162.

Svensson, L. (1994), ‘Estimating and interpreting forward interest rates: Swe-
den 1992-4’, Discussion paper, Centre for Economic Policy Research 1051.

Thomas, G. and Finney, R. (1984), Calculus and Analytic Geometry, Sixth
Edition, Addison Wesley.

Vasicek, O. (1977), ‘An equilibrium characterisation of the term structure’,
Journal of Financial Economics 5, 177—188.

Willner, R. (1996), ‘A new tool for portfolio managers: level, slope, and curva-
ture durations’, Journal of Fixed Income June, 48—59.

26



-1

0

1

0 1 2 3 4 5 6 7 8 9 10 11 12

Maturity in years (m )

Fu
nc

tio
n 

va
lu

e

Level mode

Slope mode

Bow mode

Figure 1: The first three VAO model interest rate modes with φ = 1.
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Figure 2: Example of an initial yield curve (IYC), and changes to Level
and Slope. The IYC is β (t)= (5.00, 2.00,−1.00)%, IYC + 50bps × Level
mode is β (t)= (5.50, 2.00,−1.00)%, and IYC + 75bps × Slope mode is
β (t)= (5.00, 2.75,−1.00)%. v = ¡1.082, 1.662, 1.512¢%2 in all cases.
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all cases.

0
1
2
3
4
5
6
7
8
9

M
ay

-9
8

N
ov

-9
8

M
ay

-9
9

N
ov

-9
9

M
ay

-0
0

N
ov

-0
0

M
ay

-0
1

N
ov

-0
1

M
ay

-0
2

N
ov

-0
2

M
ay

-0
3

N
ov

-0
3

Time (t )

Y
ie

ld
 in

 p
er

ce
nt

Federal funds target rate

30-year swap rate

3-year swap rate

Figure 4: The time-series for three of the 16 rates used to define the yield curve.
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Residual for: Yield residual test Price residual test
Federal funds -2.05 n/a
1-year swap -2.04 -1.98 
2-year swap -2.19 -2.03 
3-year swap -3.63 *** -3.26 **
4-year swap -2.42 -2.31 
5-year swap -2.23 -2.07 
6-year swap -2.18 -1.99 
7-year swap -2.07 -1.89 
8-year swap -2.30 -2.06 
9-year swap -2.49 -2.19 

10-year swap -2.82 * -2.44 
12-year swap -6.08 *** -5.69 ***
15-year swap -7.02 *** -7.30 ***
20-year swap -2.09 -1.82 
25-year swap -2.35 -2.00 
30-year swap -2.95 ** -2.33 

Table 1: Phillips-Perron unit root tests on the yield and price residuals.
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Attribution Sum Mean Std dev. Min. Max. Max. less 
min.

Actual return 62.170 0.045 0.646 -2.798 3.060 5.858
Level FOYCE 0.339 0.000 0.688 -3.288 3.663 6.951
Slope FOYCE 13.839 0.010 0.139 -0.743 0.944 1.687
Bow FOYCE 19.622 0.014 0.108 -0.559 0.535 1.094
Total FOYCE 33.800 0.025 0.666 -2.937 3.086 6.023
L/L SOYCE 3.823 0.003 0.006 0.000 0.079 0.079
L/S SOYCE -0.478 0.000 0.001 -0.022 0.003 0.024
L/B SOYCE 0.096 0.000 0.001 -0.012 0.007 0.019
S/S SOYCE 0.092 0.000 0.000 0.000 0.003 0.003
S/B SOYCE 0.102 0.000 0.000 0.000 0.003 0.003
B/B SOYCE 0.067 0.000 0.000 0.000 0.001 0.001
Total SOYCE 3.703 0.003 0.006 0.000 0.056 0.056
Residual -0.167 0.000 0.010 -0.048 0.056 0.104
Accrual 24.833 0.018 0.026 -0.062 0.113 0.175

Table 2: Statistical summary of benchmark portfolio returns ($millions) and
attributions of returns to the 11 components noted in the text.

Total FOYCE Total SOYCE Residual Accrual
Total FOYCE 0.4438 -0.0006 -0.0056 -0.0075
Total SOYCE -0.0006 0.0000 0.0000 0.0000

Residual -0.0056 0.0000 0.0001 0.0001
Accrual -0.0075 0.0000 0.0001 0.0007

Table 3: Covariances of return attributions for the benchmark portfolio.

-10
0

10
20
30
40
50
60
70
80
90

M
ay

-9
8

N
ov

-9
8

M
ay

-9
9

N
ov

-9
9

M
ay

-0
0

N
ov

-0
0

M
ay

-0
1

N
ov

-0
1

M
ay

-0
2

N
ov

-0
2

M
ay

-0
3

N
ov

-0
3

Time (t )

C
um

ul
at

iv
e 

re
tu

rn

Benchmark
Optimisation by yield
Optimisation by price

Figure 8: Cumulative returns ($millions) for the benchmark portfolio and the
portfolios optimised by maximising yield and price residuals.
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Figure 9: Cumulative excess returns ($millions) for the portfolios optimised by
maximising yield and price residuals less the returns on the benchmark portfolio.

Attribution Sum Mean Std dev. Min. Max. Max. less 
min.

Actual return 77.187 0.056 0.647 -2.816 3.228 6.044
Level FOYCE 0.398 0.000 0.685 -3.265 3.639 6.905
Slope FOYCE 13.836 0.010 0.139 -0.743 0.944 1.687
Bow FOYCE 19.624 0.014 0.108 -0.559 0.535 1.094
Total FOYCE 33.858 0.025 0.663 -2.928 3.076 6.004
L/L SOYCE 3.746 0.003 0.006 0.000 0.082 0.082
L/S SOYCE -0.475 0.000 0.001 -0.021 0.003 0.024
L/B SOYCE 0.096 0.000 0.001 -0.012 0.007 0.019
S/S SOYCE 0.092 0.000 0.000 0.000 0.003 0.003
S/B SOYCE 0.102 0.000 0.000 0.000 0.003 0.003
B/B SOYCE 0.068 0.000 0.000 0.000 0.001 0.001
Total SOYCE 3.629 0.003 0.006 0.000 0.060 0.060
Residual 14.986 0.011 0.036 -0.224 0.248 0.472
Accrual 24.714 0.018 0.025 -0.062 0.113 0.175

Table 4: Statistical summary of returns ($millions) of the portfolio optimised
by yield residual maximisation, and attributions to the 11 components noted
in section 6.3.
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Portfolio or portfolio relative to 
benchmark

Annualised 
percentage 

return

Annualised 
standard 
deviation

Information 
ratio

Adjusted t-
statistic

Benchmark 6.90 6.93 1.00 2.28 **
Yield residual optimisation 8.41 6.95 1.21 2.78 ***
Price residual optimisation 8.00 6.80 1.18 2.66 ***
Yield res. opt. less benchmark 1.51 0.34 4.50 10.13 ***
Price res. opt. less benchmark 1.11 0.44 2.54 6.25 ***

Table 5: Summary of returns and return significance.

Attribution Sum Mean Std dev. Min. Max. Max. less 
min.

Actual return 69.332 0.050 0.540 -2.323 2.702 5.026
Level FOYCE -0.043 0.000 0.556 -2.674 2.962 5.636
Slope FOYCE 13.839 0.010 0.139 -0.742 0.945 1.687
Bow FOYCE 19.624 0.014 0.108 -0.559 0.535 1.093
Total FOYCE 33.419 0.024 0.543 -2.444 2.512 4.956
L/L SOYCE 2.426 0.002 0.004 0.000 0.052 0.052
L/S SOYCE -0.385 0.000 0.001 -0.017 0.002 0.020
L/B SOYCE 0.076 0.000 0.001 -0.009 0.006 0.015
S/S SOYCE 0.092 0.000 0.000 0.000 0.003 0.003
S/B SOYCE 0.102 0.000 0.000 0.000 0.003 0.003
B/B SOYCE 0.066 0.000 0.000 0.000 0.001 0.001
Total SOYCE 2.378 0.002 0.004 0.000 0.034 0.034
Residual 10.009 0.007 0.036 -0.138 0.200 0.338
Accrual 23.526 0.017 0.024 -0.047 0.106 0.153

Table 6: Statistical summary of returns ($millions) of the “short duration”
portfolio optimised by price residual maximisation, and attributions to the
11 components noted in section 6.3.
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Figure 10: The “short duration” optimised portfolio cumulative returns less the
“neutral duration” optimised portfolio cumulative returns (in $millions), and
the Level coefficient.
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Cashflow number CF1 CF2 CF3 CF4 CF5 Total
Cashflow date Tue. 17-

Dec-02
Tue. 17-
Jun-03

Wed. 17-
Dec-03

Thu. 17-
Jun-04

Fri. 17-
Dec-04

Cashflow maturity (m ) 0.01 0.51 1.01 1.51 2.01
Cashflow magnitude -1 0.0108 0.0108 0.0108 1.0108

Level mode value at m 1 1 1 1 1
Slope mode value at m -0.9945 -0.7835 -0.6292 -0.5155 -0.4303
Bow mode value at m -0.9837 -0.4180 -0.0985 0.0747 0.1633

Total volatility adjustment 0.000 0.002 0.006 0.010 0.015
R (t ,m ) in percent 1.41 0.89 0.94 1.25 1.67
Unit present-value 0.9998 0.9955 0.9906 0.9812 0.9669 1.0095
Unit market-value 1
Unit price residual -0.0095

Unit λ  vectors CF1 CF2 CF3 CF4 CF5 Total
λ(1) -0.0110 -0.5073 -1.0014 -1.4840 -1.9470 -1.9894
λ(2) 0.0109 0.3974 0.6301 0.7650 0.8378 0.8553
λ(3) 0.0108 0.2120 0.0986 -0.1109 -0.3180 -0.3300

Unit Ω matrix elements CF1 CF2 CF3 CF4 CF5 Total
Ω(1,1) 0.0001 0.1293 0.5062 1.1221 1.9604 2.0005
Ω(1,2) -0.0001 -0.1013 -0.3185 -0.5785 -0.8436 -0.8634
Ω(1,3) -0.0001 -0.0540 -0.0499 0.0838 0.3202 0.3235
Ω(2,2) 0.0001 0.0793 0.2004 0.2982 0.3630 0.3731
Ω(2,3) 0.0001 0.0423 0.0314 -0.0432 -0.1378 -0.1390
Ω(3,3) 0.0001 0.0226 0.0049 0.0063 0.0523 0.0532

λ  vector Values Ω matrix Level Slope Bow
Level FOYCE -198.94 Level 200.05 -86.34 32.35
Slope FOYCE 85.53 Slope -86.34 32.35 37.31
Bow FOYCE -33.00 Bow 32.35 37.31 5.32

Table 7: An example of the fixed cashflows of the 2-year swap (2.16% quote
on 13 December 2002), and the calculation of the associated PV and YCEs.
β (t) = (6.59, 9.68,−4.52)% and v =

¡
1.082, 1.662, 1.512

¢
%2.

35



Security number Sec.1 Sec.2 Sec.3 Sec.4
Security name 2-year 

bond
5-year 
bond

10-year 
bond

30-year 
bond

Security A vector

Face-value in portfolio 10 20 15 5 2-year 10
VAO model PV 1.0095 0.9881 0.9731 1.1045 5-year 20
Price residual -0.0095 0.0119 0.0269 -0.1045 10-year 15

30-year 5

Security k Sec.1 Sec.2 Sec.3 Sec.4
Λ matrix Λ for 2-

year 
bond

Λ for 5-
year 
bond

Λ for 10-
year 
bond

Λ for 30-
year 
bond

Portfolio
Portfolio 

ΛΑ 
vector

Market-value 1 1 1 1 MV 50
λ(1) -199 -457 -783 -1780 λ(1) -31774
λ(2) 86 95 93 105 λ(2) 4667
λ(3) -33 -85 -87 -98 λ(3) -3817

Ω(1,1) 200 1114 3620 20724 Ω(1,1) 182197
Ω(1,2) -86 -226 -390 -888 Ω(1,2) -15674
Ω(1,3) 32 206 382 878 Ω(1,3) 14566
Ω(2,2) 37 47 46 52 Ω(2,2) 2257
Ω(2,3) -14 -42 -43 -48 Ω(2,3) -1855
Ω(3,3) 5 38 42 47 Ω(3,3) 1682

Table 8: Portfolio characteristics. The portfolio residual value, i.e ε0A, is
$0.0238 million.
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